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Abstract. We establish global hypoelliptic estimates for linear Landau-type 
operators. Linear Landau-type equations are a class of inhomogeneous kinetic 
equations with anisotropic diffusion whose study is motivated by the lineariza- 
tion of the Landau equation near the Maxwellian distribution. By introducing 
a microlocal method by multiplier which can be adapted to various hypoel- 
liptic kinetic equations, we establish for linear Landau- type operators optimal 
global hypoelliptic estimates with loss of 4/3 derivatives in a Sobolev scale 
which is exactly related to the anisotropy of the diffusion. 



1. Introduction 

An important problem in the theory of kinetic equations is concerned with study- 
ing the regularization properties of diffusive equations; and the derivation of sharp 
regularity estimates for their solutions. Among these equations are Fokker-Planck 
equations, Landau equations or Boltzmann equations without cut-off, either homo- 
geneous or inhomogeneous. 

Regarding the inhomogeneous case, that is, those kinetic equations describing 
the system evolution both in space and velocity variables, the analysis of these 
regularization phenomena is non-trivial, since diffusion generally occurs only in the 
velocity variable but not in the space one. In this sense, these equations can be 
considered as degenerate. Nevertheless, the regularization process in both space and 
velocity variables may still occur. This phenomenon essentially due to non-trivial 
interactions between the diffusive and transport parts of these equations, and known 
as hypoellipticity; is currently a very active domain of research in kinetic theory. 
We refer the reader to the series of recent works [2], [4], [7], [11], [12], ISO], [21], 
|25j . which all highlight specific non-trivial mixing interactions between diffusion 
and transport leading to hypoellipticity in both space and velocity variables. 

In the present work, we study the hypoellipticity of a particular class of inho- 
mogeneous kinetic equations whose study is motivated by the linearization of the 
Landau equation near the Maxwellian distribution (see the end of this introduc- 
tion). 

We consider the class of linear Landau-type operators 
(1) P = iv.D^ + Dy.X{v)Dy + {vA D^).fi{v){v A D^) + x,v € R^; 
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that is 

3 3 

3=1 i=i 

+ {viDy^ - V2Dy^)ii{v){viDy^ - V2Dy^) + F[v), 

with Dx = i^^dx, Dy — i^^dy and 7 G [—3,1]; where the diffusion is given by 
smooth positive functions A, /i and F satisfying for all a G N'^, 

(2) 3Ca > Oyv e R3, \d^\{v)\ + \d^fi{v)\ < C^{vy'\^\;\d:F{v)\ < 
and 

(3) 3C >0,yv£ M^ X{v) > C{vy; n{v) > C{vy; F{v) > C{vy+^; 

with (v) = (1 + 2 . Linear Landau- type operators are formally accretive oper- 
ators 

Re(Pu,w)i2 = \\\{v)^ Dyu\\l2 + \\^l{v)^ {v\Dy)u\\l2 + \\F{v)^u\\l-, > 0, m G 5(M^^ J; 

with an anisotropic diffusion due to the presence of the cross product term v A Dy . 
Denoting 77) the dual variables of {x, v), we notice that the diffusion only occurs 
in the variables (w, 77), but not in the other directions; and that the cross product 
term v A Dy improves this diffusion in specific directions of the phase space where 
the variables v and ry are orthogonal. In this work, we aim at proving that linear 
Landau-type operators are actually hypoelliptic despite this lack of diffusion in the 
spatial derivative D^- More specifically, we shall be concerned in proving optimal 
global hypoelliptic estimates in a specific Sobolev scale in both spatial and velocity 
derivatives whose structure is exactly related to the anisotropy of the diffusion. 

The main result of this article is given by the following global anisotropic hy- 
poelliptic estimate with loss of 4/3 derivatives: 



Theorem 1.1. Let P he the linear Landau-type operator defined in ([T]). Then, 
there exists a positive constant C > such that for all u G 5(R^ y), 

(4) \\{vT+Ml^ + \\{yV\D.?n\\l2 + \\{v)'<\vADy\Ml^ 

+ \\{vV'^\Dx\^lMh + A Dx\^'Mh < C{\\Pu\\l2 + \\u\\l2), 

where the notation \\ ■ 11^2 stands for the L^(R| ^)-norm. 



We begin by noticing that the terms controlled in this global hypoelliptic estimate 
are sharp and have an anisotropic structure similar to the diffusion term. More 
specifically, as in the diffusion term, the presence of the two cross products v A Dy 
and V A Dx in 

\\{vr\vADy\Mh + \\{vr/'\vADx\'/Mh, 
improves the regularity estimates provided by the terms 

\\{vr\Dy\Mh + \\{vr/W^'n\\h. 

in the specific directions of the phase space where either, v and Dy, or v and Dx', 
are orthogonal. The anisotropy and the different indices appearing in the estimate 
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(jll are optimal. Notice indeed that this hypoeUiptic estimate splits up into two 
parts. The first part of the estimate 

(5) \\{vV^Ml^ + ||(^'>^|i^„P^|li. + \\{vT\v^D,\Ml^ < c{\\Pu\\l. + hiiio, 

is purely provided by the diffusion term of the linear Landau- type operator; and 
we notice from ^ that the left-hand-side of ^ has exactly the same anisotropic 
structure and asymptotic growth as the diffusion term 

Dy.X{v)Dy + {vA D^).fi{v){v A L>„) + F{v). 

It follows that this first part of the estimate is obviously optimal. On the other hand, 
the most interesting result in Theorem 11.11 is the anisotropic regularity estimate in 
the spatial derivative D^^ 

(6) \\{vr/W/'u\\h + m'^'l^ A D,\y\\\l. < Ci\\Pu\\l. + Ml.). 

This second estimate is also optimal in term of the index 2/3 appearing in the 
left-hand-side of Indeed, the optimality of this index 2/3 is suggested by 

general results about microlocal hypoellipticity with optimal loss of derivatives 
established in [3 (Corollary 1.3) or Let us recall the general result about 
microlocal hypoellipticity proved by P. BoUey, J. Camus and J. Nourrigat in [3] 
(Theorem 1.1 and Corollary 1.3): Let {■'^j)i<j<i be a system of properly supported 
classical pseudodifferential operators {p = 1,5 = 0) on an open subset il of R" of 
arbitrary real orders mi, • • • ,m;. Suppose that Aj — A* has order nij — 1 for all 
1 < j < /. Let {xq, Co) G r*(51) \{0} be such that there is a commutator of length r, 
Y = (ad Aij) • • • (ad j4i^_ JAi^ , which is elliptic of order to^j + • • • + m^^ — r -I- 1 at 
(a^OiCo)- Then the following implication holds for all s e M: If u e 2?'(0) and 
AjU S H'^~"^^ (xo, Co), j — - ■ ■ J] then u € H^^^+^/^{xq,^o). As a corollary, one 
obtains that if all the nij are equal then H^AjAj is hypoelliptic at (xq, Co) with loss 
of 2(1 — r^^) derivatives. When each Aj is a real vector field, this is a microlocal ver- 
sion of the celebrated theorem by L. Hormander on the hypoellipticity of "sums of 
squares" proved in |14| . A simpler proof of Hormander Theorem, but with less pre- 
cise information on the loss of derivatives, was given by J.J. Kohn in |16j : whereas 
optimal estimates for the loss of derivatives were obtained, in the case of real vector 
fields, by L.P. Rothschild and E.M. Stein in Linear Landau- type operators are 
non-selfadjoint operators for which these general results of hypoellipticity does not 
apply. However, as mentioned above, hypoellipticity for linear Landau-type opera- 
tors will be derived from non-trivial mixing interactions between their diffusion and 
transport parts. More specifically, hypoellipticity for linear Landau-type operators 
will come from the ellipticity of commutators of length 3 of their diffusion and trans- 
port parts. This explains that the optimal loss of derivatives expected in this case 
is 2(1 — 1/3) = 4/3; and that the order 2 associated to the diffusion term and the 
regularity estimate with respect to the velocity derivative Dy must be substituted 
by an order 2 — 4/3 = 2/3 in the regularity estimate with respect to the spatial 
derivative D^. Regarding now the anisotropic structure of the term appearing in 
the left- hand-side of the estimate this structure will directly come from the 
explicit expression of the Poisson brackets associated to these elliptic commutators 
of length 3. 

Kohn's method is the simplest and most flexible way for proving hypoellipticity. 
However, it does not provide the optimal loss of derivatives. In order to obtain 
the optimal loss of derivatives, more subtle microlocal and geometric methods are 
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needed. In this work, we shall present a general method by multiplier which allows 
to prove hypoellipticity with optimal loss of 4/3 derivatives. This method has 
been first introduced by F. Herau, J. Sjostrand and C. Stolk in their work on the 
Fokker-Planck equation [13J. This approach has then been extended in a specific 
case [22] by the second author to get optimal hypoelliptic estimates with loss of 
2(1 — {2k + 1)~^), A: g N, derivatives. Because this method is very general and that 
it can be adapted to various hypoelliptic kinetic equations, we aim here at giving 
an extensive presentation of this approach. In order to do so, we shall first apply 
this method (Section [2]) to recover the well-known hypoellipticity with loss of 4/3 
derivatives for the Fokker-Planck operator without external potential 

P = iv.D^ + Dl + v^. 

This example of the Fokker-Planck operator will allow to present the principles 
of this multiplier method in a simplified setting where there is a good symbolic 
calculus. In a second step, we shall then consider linear Landau-type operators and 
prove Theorem ll.il (Section [3]). We will see that this general multiplier method is 
sharp enough to handle anisotropic classes of symbols. However, because of this 
anisotropy, we will have to deal with gainless symbolic calculus. As a consequence, 
the implementation of this method in the case of linear Landau-type operators will 
be more complex and will require the use of more advanced microlocal analysis. 
In order to handle this setting with gainless symbolic calculus, we shall use some 
elements of Wick calculus developed by N. Lerner in [17j. For convenience of 
reading, the main features and the definition of Wick calculus is recalled in a short 
self-contained presentation given in appendix (Section!?]). 

Finally, we shall end this introduction by giving few elements of explanations 
about the motivation for studying this class of linear Landau-type operators. Linear 
Landau-type equations are a class of inhomogeneous kinetic equations whose study 
is motivated by the linearization of the Landau equation. Details about the Landau 
equation may be found for example in the works by Y. Guo [TU], C. Mouhot and 
L. Neumann \W, or C. Villani [55]; and we may only recall here that the Landau 
equation reads as the evolution equation of the density of particles 

idtf + v-S/,f = QLifJ), 
[f\t=o — fo 

where Ql is the so-called Landau collision operator 

(8) QLifJ)^'^^ ( f A{v~v,){f{v,){V,f){v)^f{v){V,f)M)dvA. 

Here, A(z) is a symmetric nonnegative matrix depending on a parameter z e M'^, 

A{z) = \z\H{\z\)P{z), 

with 'I'dzl) = l^l''' and 7 £ [—3,1]; which is proportional to P the orthogonal 
projection onto z^, 

P(z)=Id-^z.z^, 

matrix whose entries are 
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The original Landau collision operator describing collisions among charged particles 
interacting with Coulombic force and introduced by Landau in 1936, corresponds to 
the case 7 = — 3. As in the Boltzmann equation, it is well-known that Maxwellians 
are steady states to the Landau equation 

(9) = (27r)-3/2e-l"lV2. 

Following the standard procedure described in [10) or [19j . we linearize the Landau 
equation around A4 by posing 

f = M + VMu, 

and one can check that after linearization the Landau equation for the perturbation 
u{t,x,v) now reads as 



(10) dtu + iv.DxU — Lu — 0, 

with — i^^dx- The transport part of the equation iv.Dx is unchanged, whereas 
one can prove that the operator L may write as 

(11) L = L,-D,A{v)D^-F{v), 



with F a positive smooth function satisfying the estimates Q and ([3]). Here, the 
operator is a convolution-type term bounded on L^, which only has a (big) 
influence on the lower part of the spectrum of the operator iv.Dx — L; whereas the 
other term 

(12) A{v) {A*M){v), 

inherits the properties of the projection P. More specifically, for each vector v g 
M'^, the matrix A{v) is symmetric with a simple eigenvalue X{v) associated to the 
eigenvector v; and a double eigenvalue X±{v) associated to the eigenspace v^; which 
satisfy the estimates 

giving rise to the anisotropy of the diffusion. Up to a bounded operator, this 
explains why the linearization of the Landau equation essentially reduces to the 
study of a linear Landau-type operator 

P = iv.Dx + D,.X{v)D^ + {v A Dy).^i{v){v A £»,„) + F{v), 

with /i(f) ^ ^^tj^' ^^^"^ ^ perhaps slightly modified function A(t;) so that the es- 
timates ([3]) hold. This motivates the present work on the hypoellipticity of these 
operators. 

2. Optimal hypoelliptic estimate for the Fokker-Planck operator 

As mentioned in the introduction, we shall first consider the case of the Fokker- 
Planck operator without external potential 

(13) P = iv.Dx + Dl+v^, x,v e M"; 

which provides a neat setting for explaining the principles of the general method we 
shall use later on for proving the hypoellipticity of linear Landau-type operators. 

More specifically, we aim in this section at recovering the following well-known 
optimal hypoelliptic estimate with loss of 4/3 derivatives: 
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Proposition 2.1. Let P he the Fokker-Planck operator defined in (fT3l) . The 

there exists a positive constant C > such that for all u G ,<^''TD>2n 



\\{Dx?''u\\l. + \\{vfu\\l. + \\{D,fu\\l. < C{\\Pu\\l. + llulliO, 
where the notation || • ||/,2 stands for the L'^{M.'^"^)-norm. 

This result of hypoellipticity is essentially contained in [T3] (Sections 2, 8 and 9); 
and we shall use this example of the Fokker-Planck operator as a model to illustrate 
in a simplified setting with good symbolic calculus a general method for proving 
optimal hypoelliptic estimates with loss of 4/3 derivatives. This microlocal method 
by multiplier can be adapted to various hypoelliptic kinetic equations; and as we 
shall see with linear Landau-type operators, it turns out to be sharp enough to 
handle anisotropic classes of symbols, even if in the latter case we shall have to deal 
with gainless symbolic calculus. 

Coming back from now to the Fokker-Planck operator, we begin by performing 
a partial Fourier transform in the x variable; and notice that one may reduce our 
study on the Fourier side to the analysis of the operator 

n n 

P = iv4 + Dl +v'^ ^ iv.^ + H -^"j + H ' ^ ^ 

i=i i=i 

depending on the parameter ^. In this section, we shall therefore consider Weyl 
quantizations of symbols only in the velocity variable v and its dual variable 77; but 
not in the variable ^, which will be considered here as a parameter 

(14) {a-u){v) = ^ J^^y(--)-^a[^^,^)u{v)dMv. 

The Weyl symbol of the Fokker-Planck operator is then given by 

P = it'.e+l?7l' + bl', 
where | • | stands for the Euclidean norm on M". Defining the symbol 

(15) \={i+\v?+\v?+mK 

we shall see that Proposition 12.11 easilv follows from the key hypoelliptic estimate 

(16) ll(A^/^)'^'^iii. <i|p^.|li. + llz.|li.. 

In order to explain how one can derive such an hypoelliptic estimate and justify 
the choice of multiplier introduced below, we first notice that the diffusive part of 
the Fokker-Planck operator gives a trivial control in the variables {v,ri). Indeed, 
this control is just a consequence of the ellipticity of the real part of the symbol 

Rep - |r;|2 + |t;|2, 

in these variables. The main point in the estimate (jl6p is then to get a control of 
the term Notice that this control cannot be derived from the ellipticity of 

the symbol p; and that we will need to consider the following iterated commutator 

[(Imp)-,[(Rep)-,(Imp)»]], 

where Re p and Im p stand for the real and imaginary parts of the symbol p; in 
order to get some ellipticity in the parameter ^. Indeed, usual symbolic calculus 
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(see Theorem 18.5.4 m [15"]) or a direct computation shows that the Weyl symbol 
of this iterated commutator is exactly given by the iterated Poisson brackets 

— {Im p, {Re p, Im p}} — {Im p, {Im p, Re p}} — 2|^p. 

The Poisson bracket of two symbols a and b is defined as 

i 61 H b 

drj dv dv drj' 
where Ha stands for the Hamilton vector field of a, 

^ da d da d 
° drj dv dv dr/ 
Notice that we shall need the ellipticity of this iterated commutator only in the 
region of the phase space where |?7p + I^P ^ \^^^; since one can directly rely 
on the real part of the symbol p in the region where + |f P ^ A^/'^. This 
informal discussion accounts for the following choice of symbol multiplier. Let ^ 
be a C^{R, [0, 1]) function such that 

(17) ?/> = 1 on [-1,1], and supp V C [-2,2]. 

We define the real- valued symbol 



(18) 3 = -W^'l\ A2/3 

where the function A is defined in p^ . The cutoff function tp allows to localize the 
symbol multiplier in the region of the phase space where we need the ellipticity of 
the iterated commutator 

[(Imp)-, [(Rep)-, (Imp)-]]. 

It is essential to localize the symbol multiplier exactly in this region if we want to 
get the optimal loss of derivatives in the hypoelliptic estimate . Notice that the 
term f .77 appearing in the expression of the symbol g will play an essential role in 
the following. Up to a factor 2, it is actually equal to the symbol 

H-Rcp Im p = {Re p, Im p} = 2^.77. 

As we shall see below, this term will make appear the elliptic symbol of the iterated 
commutator 

-Hi^pHjicp Im p = iJj^„jp Re p 2]^]^; 

whereas the factor X^^^ appearing in ([T8| will ensure that the symbol g defines a 
bounded operator on L^. Following the usual notations introduced by L. Hormander 
in [15] (Chapter 18), see also [T8]; we consider the metric 

dv^ + dif 
M ' 

with 

(19) M = l + lt;l2 + |7^|2 + A2/3; 

and the classes of symbols S{m, F) associated to order functions m, that is, the 
class of all functions a G C°° (M^"^ , C) possibly depending on the parameter <^ ; and 
satisfying 

Va e N^", 3C„ > 0, V(z;, 77, G K,r,a{v. 01 < C^m{v, 77, OM{v, 77, 
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It is easy to check that this metric F is admissible (slowly varying, satisfying the 
uncertainty principle and temperate) with gain 

(20) Xr{X) = mf^ (ffj^) ^ = ^^(^)' ^ = (^'^'^); 

for symbolic calculus in the symbol classes S{m,T). We refer to [TS] or [TH] for 
extensive presentations of symbolic calculus. We begin by proving the following 
symbolic estimates: 

Lemma 2.2. For any to G M, the following symbols belong to their respective 
symbol classes 

z) (0"e5(A'",r); z*) A™e5(A'",r); ^^^) ^ (^.Ill±^^ e S{l,Ty, 

w).ge5(l,r); v) Rep€ SiM,T); 
uniformly with respect to the parameter ^ G M" . 



Proof. The assertion i) is obvious since the term (^)'" is independent of the variables 
{v,ri). By using the writing convention 

f(X)<g{X), 

with X eM.'^; for the existence of a positive function C > such that the estimate 

fix) < CgiX), 

holds for ah X eR'^; we easily notice from ([15]) and (HI]) that for aU a e N^", we 
have 

uniformly with respect to the parameter ^ G M"; since the estimate M^^^ < A holds 
uniformly with respect to ^. This proves assertion ii). Regarding assertion Hi), we 
first notice that on the support of the function 

^ \ A2/3 

the estimate jryp + \v\^ < X^^^ implies that 

Ml/2 ^ ;^l/3 

and 

{A2/3 when \a\ = 0, 
Ai/3 when |a| = 1, 
1 when |a| = 2, 
when \a\ > 3. 

Assertion Hi) then directly follows assertion from ii). We next notice that on the 
support of the function 



\v? + \v? 

A2/3 
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the estimate j^.Tyj < \S,\\r]\ < A^/'^ implies that 

r X'^/^ when \a\ = 0, 
(21) \d:,,itv)\<{ A when|a| = l, 

[ when \a\ > 2. 

Recalhng that in this region M^^^ ~ X^^^, assertion iv) is then a direct consequence 
of assertions ii) and in); whereas assertion v) is trivial. □ 

Next Lemma shows that up to controlled terms and a weight factor A^^'^, the Poisson 
bracket 

-ffimp g = {Imp, 5}, 
makes appear the elliptic symbol of the iterated commutator 

-HimpHRcp lmp = HI^^p Re p=2\£,f, 

in the region of the phase space where jryp + \v\^ < X^^^. 

Lemma 2.3. We have 

, f\v? + \v? 



Himp 9 = ^,/3 j+r, 

with a remainder r belonging to both symbol classes S{jr]\^ + |up,r) and S{M,r), 
uniformly with respect to the parameter ^ G M" . 



Proof. Recalling the definition an explicit computation of the Poisson bracket 

Himp 9 = {Im p, g} = {^.v, g}, 

gives that 
with 

(23) , - (|,,)(|^a,(A-/»)). (™) . [, (^) 

Recalling that M^/^ ^ A^/'^ on the support of the function 

we then notice from Lemma 12.21 and ((2T|) that the term 

(f.,)(W„(A-/»))* (^) = -1(,„)^A-W., 

eS(A-"»,r) 

and 



hp + 1^1 

A2/3 



2 \ 1 



A4/3 

since ^ e S'(A,r). By using now that 

\il? + \v\^-X^/\ 



£ 5(A2/3,r), 
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on the support of the function 



A2/3 



we deduce that 



and 



(c.^)(e5,(A-4/3))^ 



A2/3 



es{i,r) 



A4/3 



|2\ 1 



A2/3 



&S{H-' + \v\\T), 



uniformly with respect to the parameter ^ G M". RecaUing that |?7p + |wp < M , we 
finally obtain that the remainder r belongs to both symbol classes 5(|r/|2 + jwp^ r) 
and S'(M, r), uniformly with respect to the parameter ^ G M". □ 

By using Lemma |2.3[ we can then prove the following estimate: 

Proposition 2.4. There exists a positive constant C > such that for all s € M, 

where \\ ■ \\]^2 stands for the L'^(M.")-norm. 



Proof. We consider the multiplier G = defined by the Weyl quantization of the 
symbol g as in and let e be a positive parameter such that < e < 1. For any 
s e K and < e < 1, we may write 

(24) Re{{C)-'Pu, (0^(1 - eG)u) = \\D,u\\l, + \\vu\\l. 

— eRe{iv.£^u, Gu) — e'Ke{\D^\'^u, Gu) — eRedwpu, Gu). 

We need to estimate the terms appearing on the second line of (|24|) . We begin by 
noticing from Lemma [2?2l and the Calderon-Vaillancourt Theorem that the operator 
G is bounded on . This implies that 

(25) \Re{\Dy\'^u,Gu)\ = \Re{D^u, D^Gu)\ 

< \Re{D,u, [D,,G]u)\ + \ReiD,u,GD,u)\ < \\D.,u\\l2 + \\[D,,G]u\\l2, 

uniformly with respect to the parameter ^ e M". Symbolic calculus shows that 
the symbol of the commutator [Dy,G] is exactly given by i^^dyg. In view of 
Lemma [2.21 this symbol belongs to the symbol class 5(1, F). We therefore deduce 
from the Calderon-Vaillancourt Theorem that 

(26) \Re{\Dy\^u, Gu)\ < \\Dyu\\l, + \\u\\l,, 

uniformly with respect to the parameter ^ G M". A similar reasoning gives the 
estimate 

(27) \Re{\v\'u,Gu)\<\\vu\\l, + \\u\\l,, 

uniformly with respect to the parameter ^ G M". Regarding the last term, we may 
write 

—Re{iv.£^u,Gu) — -Re([w.^, G]u, u), 
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since the operators G and iv.S^ are respectively formally selfadjoint and skew- 
selfadjoint. Symbolic calculus then shows that the symbol of the commutator 

is exactly given by 

Lemma 12.31 shows that the symbol of this commutator may be written as 



where r stands for a remainder belonging to both symbol classes S'(|77p-|-|wp,r) and 
5(M, r), uniformly with respect to the parameter f S M". Notice from Lemma [^72] 
and (pO)) that + jvp and r are both first order symbols belonging to the class 
S{M,r). On the other hand, by using that the estimate 

\r\<\v? + \v\\ 

holds uniformly with respect to the parameter ^ G M", since r G S(\r]\'^ + |wp,r); 
we deduce from the Carding inequality (Theorem 2.5.4 in fT8]) that 

\{r^u,u)\<\\D,u\\l. + \\vu\\l. + \\u\\l.. 

Setting 

(28) * = J&tV/'''" 



we can therefore find a positive constant C > such that for all u £ and 

(29) - Re{iv.^u, Gu) > {^"^u, u) - C\\Dyu\\l2 - C\\vu\\l2 - C\\u\\l2. 
We then deduce from dM]), ((261), and ([291) that there exists a constant 

< eo < 1, 

and a new positive constant C > such that for all u £ 5(M") and ^ e R", 

(30) Re{{0-'Pu, (0^(1 - eG)u) > ^{WD^uWl, + +eo(*'"w, u) - 

By considering separately the two regions of the phase space where, 

\v\' + \v\'<X'^\ 
and jr/p + jwp > A^/^; according to the support of the function 



\v? + \v? 



A2/3 

we notice that one can find a positive constant £1 > such that for all (w,f7,'f) G 
(31) eo^^ (^^Jr^) + ^(bP + > e^X^^ + J(kP + I^P) 

> eider + H^ + hp). 
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This estimate is the crucial step where we combine the ehipticity in the variables 
{v,r]) of the real part of the symbol p; together with the ellipticity in the variable 
^ of the iterated commutator 

[(Imp)-, [(Re p^,(Imp)'"]]=2|e|^ 

in order to derive the optimal hypoelliptic estimate with loss of 4/3 derivatives. 
Notice from Lemma 12.21 and (IT9l) that 



and 

eii\e/' + \v\'+\vn 

are both first order symbols belonging to the class S{M,r). Recalling and 
we can then deduce from (1511) and another use of the Garding inequality that 
there exists a new positive constant C > such that for all s € R, ^ e M" and 

u e 



Re((0-^Pu, (0^(1 - £G)u) > s^{\\D,,u\\l, + \\vu\\l, + 111^1^/^^*111.) - C\\u\\l,. 
Notice that 

(0^(l-eG) = (l-eG)(0^ 
Recalling that the multiplier G defines a bounded operator on L^, Proposition 
then follows from the Cauchy-Schwarz inequality. □ 



Taking s = in Proposition 12.41 gives the first non optimal hypoelliptic estimate: 

Proposition 2.5. There exists a positive constant C > such that for all ^ £ R" 
and u e S(Wi), 

\m"'n\\h + \\vu\\h + \\DM\h < C{\\Pu\\h + \\u\\h), 
where \\ ■ (1^2 stands for the L'^{M.")-norm. 

In order to get the optimal hypoelliptic estimate, we then use an argument of 
commutation. 

Proposition 2.6. There exists a positive constant C > such that for all ^ G M" 
and u e SiW^), 

(32) m?/Ml^ + \\{v)Ml^ + \\{D.)Ml^ < C{\\Pu\\l. + Ml.), 
where \\ ■ ||^2 stands for the L'^{M.")-norm. 

Proof. We shall successively estimate from above the three terms appearing in the 
left-hand-side of ([5^ . Regarding the first one, we use Proposition 12 .41 with s = 1/3, 
to obtain that there exists a positive constant C > such that for all ^ e K" and 

UO'^'uWl. < cm)-'/'Puh4{0'^ML^ + Mh). 

Substituting (^^/^^ ^o u gives 

(33) mf^Mh < cmy'^'Pio'^'uh^io'^ML^ + im'^Mh)- 
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Notice that 

It easily follows from (|33p that there exists a new positive constant C > such that 
for all ^ e R" and u G 5(M;;), 

(34) \m'^Mh<C{\\Pu\\l.. + \\u\\l.). 
For the second term, we may write 

\\{vMh = ((«)'^,«) < ReiPu,u) + < \\{v)-^Pu\\l2\\{v)u\\l2 + Ml^. 

Substituting {v)u to u gives 

(35) \\{vfu\\l. < \\{v)-'P{v)uU.\\{vfu\\L^ + \\{vMh 

< ||Pu|U2||(t;)2w||i2 + ||(z;)-l[P,(«)]t.||i2||(z;)2u|U2 + ||(«)u||i.. 

Symbolic calculus (Theorem 18.5.4 in ^15j) shows that there exist C^(M") functions 
Uj and b such that 

n 

[p, {v)] ^ («)] = -{M', {v)r = E «^(«)^''. + ^(«)- 

Here, the space C^(K") stands for the space of C°°(M") functions whose derivatives 
of any order are bounded over R" . It follows from Proposition 12.51 that 

(36) \\{v)-'[P, {v)]u\\l-2 < \\[P, {v)]u\\l2 < \\D,u\\l2 + \\u\\l2 < \\Pu\\l2 + \\uU2. 

Finally, we easily deduce from Proposition 12.51 (|55|) and that there exists a 
new positive constant C > such that for all ^ G M" and u G 5(M"), 

(37) \\{vfu\\h<C{\\Pu\\l2 + \\u\\l2). 
Regarding the third term, we use similar types of estimates and write 

\\{D,)u\\l2 = {{D,)^u,u) < Re{Pu,u)+\\u\\l2 < \\{D,)-^Pu\\l2\\{D,)u\\l2 + \\u\\12. 

Let w be a C°°(R, [0, 1]) function such that u; = 1 on M \ [-2,2] and w = on 
[-1, 1]. Substituting w{{0-^/^{Dy)){Dy)u to u gives 

\\wm-'^'{D,mD,fu\\h < \\{D.,)-'Pw{{0-'/HD,)){DM\l2 

X \\wi{0-'/HD,,)){D,)ML^ + \\{D.)u\\l2, 

that is 

\\wm-'/'{D,)){D,fu\\h < \\wm-'/'{D,)){D^fu\\L^i\\Pu\ 



L'2 ' \Uy))\Uy) u\\L2\^\\ru\\L2 

\\{D,)-\PM{i)-"HD.)){DM\L^) + \\{DM\h- 



It follows that 



(38) ||u;((0-^/'(i?.))(i?.)'«||i. <2||(i?,)-l[P,^((e)-^/=^(i?.))(i?.)]^^||i. 

+ 2\\Pu\\l2 + 2\\{DM\l^- 
Symbolic calculus (Theorem 18.5.4 in [15]) shows that we have the exact identity 

[PM{S.r"HD.)){D.)] = [iv.^+\v\\wm-''^DMD.)] 

^l{^v.^+\v\^w{{£)-'/'{^)mr. 
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Notice that 
with 

A^{jl)=W^{w{{i)-'l^ymi))=H{i)-'''{l))^nm 

+ u;'((e>-i/=^(ry))(0-^/^(r/)V„((r;)), 

a function satisfying 

Va e N",3C„ > 0,Ve e K",V77 e M", |9"A^(?7)| < Ca- 

Symbohc calculus (Theorem 18.5.4 in |il5j) shows that there exists a C^{S?^^^^ 
function F such that 

[P, w{{i)-^/^ {D.)){Dv)] = A^{D,).{2iv -0+ F{v, rj, 0™- 

It follows from the Calderon-Vaillancourt Theorem that 

\\{D,)-'[P,wi{0-'^HD,,)){DML- < \\{D,)-'A^{D,).{2tv-0u\\L^ + \\u\\L2 
< \\{v)uU2 + \\wm-'/'{D„)){D,,)-\OAL^ + \\w'{{0-'^'{D,)){D„)-\0^\\l^ 

<\\{v)uh2 + \\{0'/ML^. 

since 

on the support of the function w' {{C)^^^^ (rj)); and 

on the support of the two functions 

wm-'^^v)) and ^'((0-^/^(7?)). 
It follows from Proposition [131 ^ and ^ that 

(39) \\wm-'^HD,)){D.,ru\\h < \\pu\\h + \mM\h 

+ \\{vMh + \m'^Mh<\\pu\\h + \\u\\h. 

Notice that there exists a positive constant Cq > such that for all ^ e M" and 

(40) ^iio'^' + iv)') < {o'^'+wm-'/Hv)nv)\ 

because (ry)^ < 2(^)'*/'^. when w{{^)^^/'^ (rj)) ^ 1. Finally, by collecting the esti- 
mates (|34l) . ([57)1 . ([55)1 and (HP)) , we find that there exists a new positive constant 
C > such that for all ^ e M" and m € 5(R;'), 

im'^Mh + \\{vru\\h + imruwh < ciwpuwh + Mh), 

which proves Proposition 12.61 □ 



When coming back to the direct side and integrating with respect to the x vari- 
able, Proposition 12 . II directlv follows from Proposition l2.6l This proves the optimal 
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hypoelliptic estimate fulfilled by the Fokker-Planck operator without external po- 
tential. □ 



3. Anisotropic hypoelliptic estimates for linear Landau-type 

operators 

In this section, we consider the class of linear Landau-type operators 

(41) P = iv.D^ + D^.\{v)D^ + {vh D^).fi{v){v A D^) + F{v), x,v e M^; 
that is 

3 3 

i=i i=i 

with Dx = i~^dx, Dy — i~~^dv and 7 G [—3,1]; where the diffusion is given by 
smooth positive functions A, n and F satisfying for all a € N"^, there exists Ca > 
such that 

(42) Vz; G \d:X{v)\ + |5«a^(z;)| < ^(z;)^-'"!; |a„"i^(7;)| < C„(«)^+2-l"l; 
and 

(43) 3C >0,yve K^, X{v) > C{vy; n{v) > C(w)''; F{v) > C{vy+^; 

with (v) = (1 -I- |wp)^/^. We aim at proving the optimal anisotropic hypoelliptic 
estimate with loss of 4/3 derivatives given in Theoreni ll.il 

In order to do so, we begin by considering generalized linear Landau-type oper- 
ators 

n 

(44) P = iv.Dx + ^ Dy^A,^k{v)Dy^ + F{v)- 

where x,w G M", = i'^dx, Dy = i'^dy, 7 G [-3, 1]. Here A{v) = {Aj^k{v))i<j,k<n 
stands for a positive definite symmetric matrix with real- valued smooth entries ver- 
ifying 

(45) \d:A,^kiv)\ < a G N", 1 < J, fc < n; 
and is a smooth positive function verifying 

(46) F{v) > {vy+^ and \d^F{v)\ < a G N". 
We recall that the notation 

f{v)<9iv), 

means that there exists a positive constant C > such that the estimate 

f{v) < Cg{v), 

is fulfilled for all v G M". We assume that we may write 

(47) A{v) = B{vfB{v), 

where B(v) is a matrix with real- valued smooth entries verifying 

(48) IW^fc(^')l < a e N", 1 < J, A < n; 
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and B{vY' is its adjoint. Moreover, we assume that there exists a constant c > 
such that for all w, 77 G M", 

(49) A{v)r].r) = \B{v)r]\^ > c{vy\r]\'^. 

Notice that linear Landau-type operators are particular generalized linear Landau- 
type operators when taking 

(50) B{v) = ^;3x/mM VW) -^viVJ^ ' 

with A and /i being the functions defined in (|42l) and (j43|) . Indeed, we have for any 

(51) |B(i;)r]p - |VaR?/+VmR«A77|2 ^ 1 0^77^ + 1 ^^^(^i; Aryp > c(«)-'|r,|2. 

3.1. First estimates for generalized linear Landau-type operators. In order 
to prove Theorem 11.11 we shall use a multiplier method inspired from the one 
presented in the previous section for the Fokker-Planck operator without external 
potential. Recalling P7)) . the Weyl symbol of a generalized linear landau- type 
operator (|44)) may write as 

iv.^ + |_B(w)?7p + F{v) + Lower order terms. 

By denoting 

p = iv4 + \B{v)ri\'^ + F{v), 
we shall take advantage of the ellipticity in the variables {v,ri) of the real part of 
the symbol p, 

Rep^ \B{v)'q\'^ + F{v). 
As in the case of the Fokker-Planck operator, the main point in proving Theorem ll.il 
is then to get a control of the ^ variable. Notice again that this control cannot be 
derived from the ellipticity of the symbol p; and that we will need to consider the 
following iterated commutator 

[(Im p)-, [(Rep)-, (Imp)-]], 

where Re p and Im p stand for the real and imaginary parts of the symbol p; in 
order to get some ellipticity in the ^ variable. Indeed, usual symbolic calculus (see 
Theorem 18.5.4 in [15]) or a direct computation shows that the Weyl symbol of this 
iterated commutator is exactly given by the iterated Poisson brackets 

--{Im p, {Re p, Im p}} = {Im p, {Im p, Re p}} = 2\B{v)^\'^. 

The structure of this iterated poisson bracket suggests to introduce the following 
anisotropic symbol 

(52) A = (1 + \B{v)^\^ + \B{v)r^\^ + F{v)Y'\ 

which defines an anisotropic Sobolev scale which is exactly related to the anisotropy 
of the diffusion. As in the case of the Fokker-Planck operator, we aim at establishing 
an optimal hypoelliptic estimate with loss of 4/3 derivatives in this anisotropic 
Sobolev scale 

\\{\^"'ru\\i.<\\Pu\\i. + \\u\\i.. 

By noticing that for a generalized linear Landau-type operator 
iJRep Im p = {Re p, Im p} = 2B{v)£^.B{v)r], 
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it is natural to consider the following multiplier: Let 4* be a C^(M, [0, 1]) function 
such that 

(53) = 1 on [-1, 1], and supp ip C [-2,2]. 
Define the real-valued symbol 

(54) ^_ B{v)^.B{v)v ^^f\B{v)v\''+F{v) 



Xi/3 ^ y ^2/3 

where A is the symbol defined in ([5^ . The main difference with the Fokker-Planck 
case is that this multiplier does not belong anymore to a symbol class with good 
symbolic calculus. Indeed, because of the anisotropy of the symbol p, we will have 
to deal with gainless symbolic calculus. As a consequence, the implementation of 
the method developed for the Fokker-Planck operator will be more complex and 
will require more advanced microfocal analysis. In order to handle this setting with 
gainless symbolic calculus, we shall use some elements of Wick calculus developed by 
N. Lerner in [17]. For convenience of reading, the main features and the definition 
of Wick calculus is recalled in a short self-contained presentation given in appendix 
(Section S]). 

When studying generalized linear Landau-type operators, it is convenient to 
perform a partial Fourier transform in the x variable; and to study these operators 
on the Fourier side 

n 

P = iv.^+ J2 D,^Aj^k{v)D,,+F{v), i;,CgM"; 

where the variable ^ can now be seen as a parameter. In the following, we shall 
therefore consider quantizations of symbols only in the variable v and its dual vari- 
able T]; and denote by || • 11^2 the L^(]R")-norm. A key step in proving Theorem ll.il 
is the proof of the following proposition somehow equivalent to Proposition 12.41 in 
the Fokker-Planck case. 

Proposition 3.1. Let s G M and P be a generalized linear Landau-type operator 
fulfilling the assumptions (|45p . (|46p . (|47p . (j48p and (I49p . Then, there exists a 
constant C > such that for all ^ G M" and u E 5(M"), 

\\m{v,Ou\\h + \\B{v)\/,u\\l, + 

<C\mv)0-'Puh4{B{v)0'uh2+C\\u\\l,, 
where || • \\]^2 stands for the L'^(W^)-norm and 



1/2 



Remark. The use of Wick calculus accounts for the definition of the quantity 
m{v,(,) in Proposition 13.11 We shall see that the function to(w,^)^ is actually the 
Wick quantization of the symbol {B{v)()'^/^ . 

Let TO > 1 be a C°° order function on R^", we denote by S{m,dv'^ + drf') the 
symbol class 

{a e C°°(R^",C) : Va e N2",3Ca > 0,V(w,??) e R^", \d'^^^a{v,i^)\ < C„TO(f,ry)} . 
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As a starting point in the proof of Proposition 13.11 we notice that a generahzed 
Hnear Landau-type operator is accretive 

Re{{B{v)0''Pu,{B{v)0'u) = Re(Pu, m) ^ \\B{v)V^u\\l2 + \\^/ Fiv)u\\l, > 0, 
for any s G R. It foUows from the Cauchy-Schwarz inequahty and that 

(55) \\{vy/'yM\h + < \\Biv)V,u\\l. + II x/fM^-"' 



"IIL^ I II V \'^J'^\\l2 

< \\{B{v)0-'Pu\\l4{B{v)0'uU., 
uniformly with respect to the parameter ^ € W\ 

Lemma 3.2. For m e M, 

(B(w)O" e S{{B{v)0"\dv^ + dr]^) and A™ G S{X"\dv^ + drf), 
uniformly with respect to the parameter ^ in M" . 



Proof of Lemma\3M Notice from (gej), ^ and ^ that 

\d:F{v)\<F{v), aeN", 
\d:B{v)f <Fiv), aeN", 

(56) \d^B{v)e<{vy\e<\Biv)e, 
when a G N" with |q;| > 1; and 

(57) \d^B{v)i^\' < {vyM' < \B{v)v\^ 

when 13 e N" with > 1. One can then deduce by using the Cauchy-Schwarz 
inequahty and these estimates that for all a,/? S N", 

\d^{{B{v)0')\< {B{v)0' and \dy^{X')\ < X'; 
uniformly with respect to the parameter ^ in R". Lemma [X^ directly follows from 
those estimates. □ 

Lemma 3.3. We have 

\B{v)ri\'^ + F{v 
uniformly with respect to the parameter ^ in R" 



^ 1 ^2/3 ) € ^(1' '^^ + V), 



Proof of LemmaWM Notice from (gHl), dUl), dlSl), dSSl) and ((571) that on the support 
of the function 

B{v)r]\^ + F{vy 



we have 



A2/3 



(58) \d:'B{v)r]\^ + \d^'B{v)\^ + \d^'Fiv)\ < {vy\r]\^ + {vy+^ 

< |B(w)77|2 + F(w) < 

when ai,a2,a3 € N" with \ai \ > 1. It follows from the Cauchy-Schwarz inequality 
that any derivatives of the term \B{v)r]\'^ + F(v) can be estimated from above by 
a constant times the term A^/'^ on the support of this function. One can therefore 
directly deduce the result of Lemma 13.31 from Lemma 13.21 □ 
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Lemma 3.4. The symbol g belongs to the class S{l,dv^ + drf) uniformly with 
respect to the parameter ^ in R" . 



Proof of Lemma \3.4\ Notice from (|53p that 

(59) |B(w)77p +F(w) < 2A2/^ 
on the support of the function 

( \B{v)r^\'+F{v y 

^ \ A2/3 

By recaUing ([5^ and using that |_B(w)^| < A, we deduce from the Cauchy-Schwarz 
inequaUty that one can estimate 

(60) \B{v)i.B{v)T^\ < \B{v)^\\B{v)t^\ < \/2A*/^ 

on this support. The symbol g is therefore a bounded function uniformly with 
respect to the parameter ^ in M". We saw in ([56| that one can always estimate 
from above 

(61) \dSBiv)^\ < \B{v)^\ < A. 

Since from ([58|) . one can estimate from above the modulus of all the derivatives of 
the term B(v)r] by a constant times X^^^ on the support of the function 

\B{v)f]\^ + F{v)' 



A2/3 



it follows from the Cauchy-Schwarz inequality and (j6ip that one can estimate from 
above the modulus of all the derivatives of the term B{v)£^.B{v)ri by a constant 
times A^/'^ on this support. According to Lemma [3.21 and Lemma [3.31 this proves 
that the symbol g belongs to the class S{l,dv^ + drf ) uniformly with respect to 
the parameter ^ in M"; and ends the proof of Lemma IX4l □ 



Some symbolic calculus. We shall consider the multiplier G — g^^^^ defined by the 
Wick quantization of the symbol g. We refer the reader to the appendix on Wick 
calculus at the end of this note for the definition of this quantization and a recall 
of its main features. 

We begin by noticing from (|158p and (|159p that there exists a real- valued symbol 
g belonging to the class 5(1, dv^ + drj'^) uniformly with respect to the parameter ^ 
in R" such that 

(62) G = g"^'"^ = g""; 

where denotes the operator obtained by the Weyl quantization of the symbol g 
with the normalization 

(63) ~g-u{v) ^ ^ £^yi-^y^g(^^^,^y{i)dvdfj. 



Lemma 3.5. If a E S{l,dv'^ + drf') then there exists ci > such that for all 
u G 5(M"), 



\[a^,^F^]u\\^,<ci\\^F^u\ 



L2' 



where [a™, \J F[v)\ denotes the commutator of the operators a™ and F(v). 
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Proof of Lemma \3.5[ Notice from (|46p that 

e S{F{vY'',dv^ +df]^), 
for any m G M; and that from symbohc calculus the Weyl symbol of the operator 

therefore belongs to the symbol class S{l,dv'^ + drf'). Lemma [3.51 then directly 
follows from the Calderon-Vaillancourt Theorem 



Lemma 3.6. We have 

in.,\\\'^ ^ II n/„,^Y7 ,,i|2 , IL/ivr:T„,l 



\B{v)y ,{Gu)\\\, < \\Biv)V,u\\l, + \\^/F^uf 



uniformly with respect to the parameter ^ in M" . 

Proof of Lemma \3.6\ Recalling from ([5^ that G = 0£(l2)(1), since 

g e S{l,dv'^ + dr]'^), 
together with ([55]) ; we notice that it is sufficient to prove that 



(64) II [b{v)\/,,G]u\\l, < \\{vy/^\7,,u\\l. + ||/f(^u||^,, 
when & is a smooth function fulfilling the estimates (|48)) . By writing that 

(65) \\[b{v)V,,G]u\\l, <2||6(,;)[V,,G]m||', +2||[6(z;),G]V„m||',, 

we notice from (|46l) . (|48| . ((62| . the Calderon-Vaillancourt Theorem and Lemma [3751 
that 

(66) ||6(i>)[V,,G]u||^, < \\b{v){W,gru\\^, 

(67) < \\{v)i+'(^v9rul, < ||/F>)(V.5)'"« 



1^2 II V / \ ^ J 11/^2 

< II + II (V„g)'"/FRu||^, < II /fR^ii^. 



Recalling that g E S{l,dv'^ + drf ) together with (PS)) and ([5^ . symbolic calculus 
(Theorem 2.3.8 and Corollary 2.3.10 in [18J) ensures that the Weyl symbol of the 
operator 

[h{v),G]{v)-'^/\ 

belongs to the class S'(l, dv^ + drf). and it follows from the Calderon-Vaillancourt 
Theorem that 

||[6(i;),G]V,u||^, = ||[6(^'),G] {vy'^ {vy/^V ,u\\^, < \\{vy^^\/,u\\^,, 

which together with (j65|) and (|68| proves the estimate (j64| and ends the proof of 
Lemma [3761 □ 

Lemma 3.7. We have 

n 

\{F{v)u,Gu)\ + \(^ J2 D^^Aj,k{v)D,^u,Gu^\ < \\{B{v)0-' Pu\\l2\\{B{v)0'uU2, 

3,k=l 

uniformly with respect to the parameter ^ G M" . 
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Proof of Lemma \3. 71 We may write 

(69) {F{v)u, Gu) = {GF{v)u, u) = {G^F{v)u, y/F{v)u) 



2 



since the operator G whose Weyl symbol is real-vahied is formahy selfadjoint on L 
Recahing from ([5^ that G = Oc{l^){^), since g e 5(1, dv^ + drj^); we deduce from 
(inH), (p^ . the triangle inequality, the Cauchy-Schwarz inequality, the Calderon- 
Vaillancourt Theorem and Lemma 13.51 that 

\{F{v)u,Gu)\ < \\^/WHl^ + \\[G,VF^Ml2 < \\Vf(^41^: 



which implies by using (j55l) that 

(70) \{F{v)u,Gu)\ < \\{B{v)0-'Pu\\l2\\{B{v)0'u\\l2, 

uniformly with respect to the parameter ^ g M". Let us now notice from (|47|) . ([55 
and Lemma that 



|( J2 D,^Aj,k{v)D,^u,Gv)j \ - \ {B{v)\/,u,B{v)^,{Gu))\ 
< \\B{v)V,u\\L4Biv)VyiGu)\\L2 < \\B{v)V,u\\l, + II/fRmI 



L2 



<\mv)o-'Puh4{B{v)0'uu. 



uniformly with respect to the parameter ^ G M"; which together with the estimate 
([70]) proves Lemma 13.71 □ 

Let £ be a positive parameter such that < e < 1. We use a multiplier method 
and write that 



(71) Re{{B{v)0-'Pu,{B{vW{'^-£G)u) = \\B{v)W,u\\1, + \\^f{^u"^ 



L2 

n 

— eRe(w.^u, Gu) — eRe^ ^ Dy.Aj^k{v)Dy^u,Guj — sRe(^F{v)u,Gu) , 

for any < e < 1. 

Lemma 3.8. We have 

\\{B{v)0Hl~eG)u\\L2 < \\{B{v)0'uh2, 
uniformly with respect to the parameter ^ € M" . 

Proof of LemmaWR Recalling from ^ that G = g'^ , with g e S{l,dv'^ + drj^); 
we can then deduce from symbolic calculus that the Weyl symbol of the operator 

{B{v)S,Y{l~eG){B{v)i)-^, 

belongs to the symbol class S{l,dv'^ + drf ), since we know from Lemma [3.21 that 

{B{v)Ci' e S{{B{v)Ci',dv'^ +drf) and (B(w)O"' e 5((B(w)0"', + rf?/^) ■ 

Lemma 13.81 then directly follows from the Calderon- Vaillancourt Theorem 

\\{B{v)iY{l-eG)u\\L2 = \\{B{vW{l-eG){B{v)i)-%B{v)£.YuU. 
<\\{B{vWuU.. 
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The proof is complete. 



One can then deduce from the Cauchy-Schwarz inequahty, Lemma l3.7i Lemma l3.8 
and (ini) that there exists C > such that for all < e < 1 and m g 5(R"), 



(72) \\B{v)Vyu\\l2 + II y/F{v)u\\]^^ - eRe{iv.Cu, Gu) 

<C\\{B{v)i)-'Pu\\LA\{B{vWu\\L2, 

uniformly with respect to the parameter ^ S M". Recalling (p^ and noticing from 
p60)) and (fT6T|l that v^'^"^ = w, we may rewrite as 



(73) \\B{v)V,u\\l, + W^F^uWl^ - £Re(ie«'^''''",.9'^''''") 

<C\\{B{v)i)-'Pu\\L.\\{B{v)(,Yu\\L^. 

By using that real Hamiltonians get quantized in the Wick quantization by formally 
selfadjoint operators on L^, we deduce from Lemma l3^ and (|163p that 



(74) 
(75) 



A direct computation of the Poisson bracket using ([M)) gives that 

I 

A2/3 



(76) {^.v,g}^iB{ 



.)ei.(.).)(ea.(A-/3))^rM^>™ 



|S(w)^|2 /|S(t>)77|2 +F(i;)\ B{v)^.B{v)r) 



A4/3 



-V' 



A2/3 



A4/3 



|5(t>)77p +f (i;) 
A2/3 



Lemma 3.9. For m G M, we have |^.(?^(A™)| < A™, uniformly with respect to the 
parameter ^ in ]R" . 

Proof of Lemma \3.9l Lemma 13.91 follows directly from (|52p and the fact that 
|ea,(A2)| ^ 2\B{v)CB{vH < 2\B{v)^\\B{v)rj\ < \B{v)e + \B{v)v\^ < X\ □ 



Lemma 3.10. We have 



\Biv)ri\^ + F{v) 
A2/3 



<l + \B{v)7^\^ + F{v), 



uniformly with respect to the parameter ^ in M" . 



Proof of Lemma \3.10[ We may write 



\B{v)r^\^ + F{v) 
A2/3 



, f\B{v)r)\^ + F{v)\ r2B{v)T].B{v)^ 



A2/3 



A2/3 



+ {\B{v)vf+F{v)){^.d,){X-'^') 
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Notice from ^ and (ESI) that 
2B{v)r].B{v)^ 



A2/3 



A2/3 



A2/3 



< 



2V2(|i3(«)77|2 + i^(z;)), 



on the support of the function 



, f\ B{v)r,\^ + F{v) 
A2/3 



One can then deduce Lemma [3.101 from Lemma [3.91 □ 

We notice from Lemma [3791 Lemma [3. 101 (|60|) and (|76p that 



A4/3 



A2/3 



<l + |B(t;)r;|2 + F(t-), 



uniformly with respect to the parameter ^ in R". It follows from (|75)) . (|7^ and the 
fact that the Wick quantization is a positive quantization (|156p that there exists 
C2 > such that for aU < e < 1, C e M" and u e 5(R"), 



(77) 

47r 



A4/3 



A2/3 



n Wick 



i,u +||B(w)Vi,u|||2 + ||VF( 



L2 



< 



q|(i?(«)0-^Pu|U.||(S(z;)0^u|U.-f C2£([l + |S(^;)?7p+F(«)]'^'^\u) 



Lemma 3.11. There exists C3 > swc/i f/iaf for all ^ € M" and u G 5(R"), 



||B(i;)V,ii||i. + ||/fMu||^, - ([4^2|^(i,),7|2+^(t;)]^'^\u) 

<C3||(B(^;)e)-^Pw||LHI(S(«)0'«l 



L2. 



Proof of Lemma \3.11[ By using p60l) and (|16ip , we may write that 
(78) i^(w)^'"'^ = F(w) + <, 

where ri is the real-valued symbol depending only on the variable v given by 



ri{v)= / {l-e)Wl{F{v)){v + 9v).i\~^''^''\'r/^dMd. 



The notation 



Wl{F{v)){v + 9i,), 



denotes the second derivative with respect to the variable v of the function F(v) 
evaluated in the point v + dv G R". Since from (|46| . 



(79) 



\^liF{v)) \ < and l±<{y + 0y)< (^y){0y) 



we obtain by using again ()46p that 



(80) 



\{rru,u)\ = \{r,{v)u,u)\ < \\{vy/Ml^ < ||v^"| 
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because |ri(w)| < {v^. It follows from ([78]) and ^ that 

(81) - {F{v)'^"=^u,u)\ < \\{B{v)0-'PuU4{B{vWuh^., 

uniformly with respect to the parameter ^ e M". By writing Dy ~ i^^Vi,, we 
deduce from symbolic calculus and (|45|) that 

(82) Dy.A{v)Dy = Dy. {A{v)^ + ir^iv)^ , 

where is a real-valued symbol depending only on the variable v and verifying 

(83) \v,{v)\ < {vr+\ 

It follows from the Cauchy-Schwarz inequality, pS)) . ([55)) and (|83p that 

(84) |(i^„.r2(«)u,M)| = |((v)-T/V2(w)u,(w)T/2v„?/)| 

(85) < Wivy^+'uU^Wivy^^Vyuh-^ 

(86) < \\{vy^+'u\\i. + \\{vy/'Vyu\\i. < wvfFHI. + wivr/'Vvuwh 

(87) < \\{B{v)0-'Puh4{B{vWu\\L2, 

uniformly with respect to the parameter ^ S M". On the other hand, we may also 
write by using symbolic calculus, (|45l) and (|47l) that 

(88) i^„.(A(^)r?)'"= [|i?(«)77p+zr3(«)r7]"'= [|i3(i^)??P]"+*r3(i;)I?„+r4(i;), 

where r3 and are some real- valued symbols depending only on the variable v and 
verifying 

(89) |r3(z;)| < {vy+^ and \ri{v)\ < {v^ . 

It then follows from the Cauchy-Schwarz inequality, (|46)) . ([55| and (|89|) that 

(90) |(zr3(«)i?.7/,u)| = |((i;)^/2v„7/,(t;)-^/2r3(«)u)| 

(91) < ||(^;)^/2v,„^i|U.||(«)^+l^.|U. < \\{vy/^Wyu\\l, + \\{v)i+'u\\l. 

(92) < \\{vr/^Vyu\\l. + \\,/F{^)u\\l, < \\{B{v)0-'Puh4{Biv)0'u\\L. 
and 



L2 



(93) |(r4(«)u,7.)| < \\{vy^\\\l. < ||/F>)u| 

< ||(S(^;)e)-^P^|U.|l(i?(«)0^"||L^, 

uniformly with respect to the parameter ^ G M". One can therefore deduce from 
gZl), dia, (EZl), (IMl), (HOD and dM]) that 

(94) |||i3(t;)V.«||i. - {mv)v\^ru,u)\ < || (B(i;)0-^P^/||lHI (S(t')0^"IU^ 

uniformly with respect to the parameter ^ e M". In view of ([8T|l and ([94]) . it 
remains to prove that 

(95) |4^2^(|S(^,),7|2)Wick^,^) _ {{\B{v)^\^ru,u)\ 

<\\{B{v)0-'PuU4{B{vWuh2, 

uniformly with respect to the parameter ^ G M": in order to end the proof of 
Lemma [3. Ill Notice from (|160p and (|16ip that we may write 

(96) mv)r,\^r''^^ = ^i\Biv)rjn" + R{v, , 
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with 

R{v,r]) = [ [ {l~e)Wl^{\B{v)r]\^){v + 9i,r] + efi).{i,fife-'^''^^^'^^^'2"didr]d9. 
Jo JK2„ 

The factor 27r comes from the fact that we are using here the normahzation of the 
Weyl quantization defined in (|63p which differs from the one used in the appendix 
(See (fTS^ ). Define 

Ri= [ [ {l-e)\/l{\B{v)'n\^){v + 9v,-n + efi).fe-^''^^^'^'>^^2''dvdfid9, 

Jo JR2" 

i?2 = // (l-6')V„V^(|B(w)77|2)(w + 6'w,?7 + 6'?7).(w,?7)2e-2'^l(*''')l'2"d{idr?d6l 
Jo Jr^" 

and 

i?3=/ / (l-6')V2(|B(i;)77|2)(i; + 6iw,77 + 6l77)j2e-2^l(i*.'))l'2"dwd?7d0. 
JoJm.'^" 

We first notice that the symbol Ri only depends on the variable v. We then notice 
from gHl) that 

(97) N',mv)rf)\<{vy+\ 

By using ([79)) as above, one can estimate the function Ri{v) from above as 

\Ri{v)\ < {vy"-'- 

This therefore implies that 



(98) \{Ri(v,^) u,u)\=\{R,{v)u,u)\<\\{v)i+'u\\l,<\\./F^u\\ 

<\\{B{v)0-'PuU2\\{B{v)0'u\\l2, 



|2 



uniformly with respect to the parameter ^ e R"; by using (j46|) and ([55]) . We then 
notice always from (j48| that 

|V„V,(|B(z;),?P)|<(z;)^+iH, 

and that the term V^V^ (|i?(w)r/p) is linear in the variable ?/. By using again 
this shows that we may write the symbol i?2(w, »//(27r)) as 

^2(1^,^) ^a{v)T] + b{v), 
where a and b are smooth functions verifying for all a, /3 e N", 

|9>(T;)| + |9f5(z;)|<(^;)^+i. 
Thus, we may write by using symbolic calculus that 

R2(v, ^ a{v)D, +b{v), 

where 6 is a smooth function fulfilling for all a £ N", 

mv)\<{vy+\ 
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It follows from the Cauchy-Schwarz inequality, (j46|) and ((55|) that 



(99) 



< 



L2 



(100) < WW^MW^ + \\{v)i+'u\\l, < \\{vr/'w^,u\\l, 

(101) < \\{B{v)0-'Pu\\L2\\{Biv)0'u\\L2, 



IL2 



uniformly with respect to the parameter ^ G M". We finally notice from (|48|) that 

and that the term (|i3(w)77p) is quadratic in the variable 77. By using again 
this shows that we may write the symbol i?3(u, 77/(27r)) as 

i?3(t',^) ^a{v)\r]\^ + biv)r^ + civ), 
where a, b and c are smooth functions verifying for all ai, 02, 0^3 G N", 

\d:^aiv)\ + \d:^b{v)\ + \d^-c{v)\<{v)'>. 
Thus, we may write by using symbolic calculus that 



R: 



(v, ^) = \/y.a{v)\7y + b{v)\7y + c{v), 



where a, 6, c are smooth functions verifying for all ai,a2,a3 € N", 
It follows from the Cauchy-Schwarz inequality, pS)) and ([55)1 that 

(102) |(i?3(^;,|-)"'u,y) 

(103) < ||(t')^/2v,^.|U.||(i;)-''a(i;)(t;)^/2v,zi|U2 



(104) + \\{v)'</^V,uh4{v)-''/^b{v)u\\L-^ < \\{vy^'\7,u\\l. 



L2 



(105) < WivT'^W^uWl. + ll/FX^^Ill. < ||(i?(«)0"'^«llLHI(S(z;)e>^^llL^, 



uniformly with respect to the parameter ^ e 
and that 



One can then deduce from 



< 



||(i?(«)0-^P^i||LHI(i3(z;)0'«IU^ 



uniformly with respect to the parameter ^ g R". According to this proves the 
estimate (PSjl and ends the proof of Lemma 13.111 □ 

Proof of Proposition \8.1\ We now take advantage of all the results proved previ- 
ously. In particular, it follows from Lemma r3.11l and ([77)1 that there exist Q < £q < 1 
and C4 > such that for all ^ e R", < e < Eq and w e 5(R"), 



A2/3 



Wick 



ii,it + ||B(u)V„u||^2 



/fM"H;2 < C4||(i?(«)0"^^'^llLHI(S(«)0'^llL^ +C4hll 



L2- 
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Another use of Lemma 13.111 shows that there exists C5 > such that for all ^ G 

< £ < eo and M e 5(R"), 



(106) £ 



\B{v)e^f\B{v)rf+F{v) 



A4/3 



A2/3 



T Wick 



u,u\ + \\u\\ 



L2 



+ {[4n^\B{v)r^\^+Fiv)]'^'''\u)<c4{B{v)0-'Pu\\i^4{B^^^ 
Notice from (El) and (El) that 



A4/3 



A2/3 



+ AiT^\B{v)r,\'^ + F{v) + 1 



> 



+ + l / \B{v)r]\^ + F{v) 

^ A4/3 "^1^ A2/3 



+ {\B{v)r]\^ + F(v) + 1) 



1-1/; 



f\B{v)7j\'' + F{v) 



A2/3 



> 



A2 



A4/3 

when < £ < 1: since 



i-tp 



\B{v)r,\^ + F{v) 



A2/3 



> £A2/3, 



on the support of the function 

l-ifj 



\B{v)Tjf + F{v) > X^/"^ 
\B{v)t]\'^ + F{v) 



A2/3 



This is the crucial step where we use that the multiplier ([M|) creates the good term 

\B{v)e , f\B{v)rf+F{v) 



A4/3 



A2/3 



in order to control the quantity A2/3 in the region of the phase space where 

\B{v)r,\^ + F{v) < A2/3. 

By using again that the Wick quantization is a positive quantization (|156p . we 
deduce that there exists cg > such that for all ^ G K" and u £ 5(R"), 

(107) ((A2/3)W-'^w,zi) < ce\mv)0^^PuU4{B{vWu\\r^ + ce\\u\\h. 
Since from ([5^ . 

it follows from (|156p that there exists cj > such that for all ^ e M" and u e 5(R"), 

(108) (((i3(T;)0'/^)'^"^,^i) <C7||(i?(t;)0-^Pw||LHI(i3(^;)0^"llL^+C7hlli.. 
Notice from (fT55)l and (fT^ that we have 

where we recall that the quantity m{v,^) is defined in the statement of Proposi- 
tion [Xll We finally obtain from ([55)1 and pOSp that there exists cs > such that 

for aU C e M" and u e 5(R"), 



\\m{v,Ou\\h + \\B{v)\/,u\\l, + \\^/F^u\ 



< cs\\{B{v)0-'Puh4{B{v)Cruh. + cs\\u\ 



L2- 
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This ends the proof of Proposition 13.11 □ 

The next proposition follows directly from Proposition 13.11 and gives first non- 
optimal hypoelliptic estimates fulfilled by generalized linear Landau-type operators. 
Notice that this estimate will be instrumental in the proof of Theorem 11.11 

Proposition 3.12. Let P be a generalized linear Landau-type operator fulfilling the 
assumptions (|45|) . (j46| . (|47| . (|48l) and (|49| . Then, there exists a constant C > 
such that for all ^ e K" and ueS{W^), 

\\m{v,Ou\\h + \\B{v)V.,u\\l. + \\^F(^)u\\l, < C{\\Pu\\l. + \\u\\l,) 

and 

\\{vr/'\e^Mh + \\B{v)V.u\\l. + \\{v)i+'u\\l. < C{\\Pu\\l, + Ml.), 

with 

m{v, = ( y" {B{v + w)0^/^e-2''C'2"/2d{}) 
where the notation \\ ■ \\ stands for the L'^{M.'^)-norm. 

Proof of Proposition \3.12\ We deduce directly the first estimate from Proposi- 
tion 13.11 by taking s — Q. To prove the second estimate, we just need to use (|46|) 
and to prove that 

By using that 

(109) ^^<{a + b)<{a){b), 



it follows from (gl]) that 



> 



This ends the proof of Proposition 13.121 □ 

3.2. Hypoelliptic estimates for linear Landau-type operators. This section 
is devoted to the proof of Theorem ll.il We consider a linear Landau- type operator 

(110) P = iv.D^ + Dy.X{v)Dy + Q.n{v)Q + F{v), x,v £ R^; 

with Dx = i^^dx, Dy — i^^dy, 7 G [—3,1], where Q — v A Dy stands also for 
the vector-valued operator defined by the Weyl quantization of the vector-valued 
symbol v A rj; and where F, A and n are some positive functions satisfying 
and (|43l) . As mentioned previously, a linear Landau-type operator is a generalized 
linear Landau- type operator with B{v) explicitly defined in (j50p . 

Starting from the a priori estimate proved in the previous section, we shall now 
establish sharp hypoelliptic estimates with loss of 4/3 derivatives for linear Landau- 
type operators. As in the Fokker-Planck case, we split the proof of Theorem I 1 . 1 1 into 
two parts deriving separately estimates for the spatial derivatives and the velocity 
variables. 
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Spatial derivatives estimates. The aim of this subsection is to give a proof of the 
following Proposition: 

Proposition 3.13. Let P be the linear Landau-type operator defined in (|110p . 
Then, there exists C > such that for all u G iS(R^ „), 

\\{B{v)D^)'/\\\h<C{\\Pu\\h + \\u\\h) 

and 

\\{vy/'\D,\y'u\\l. + \\{vy/'\v A D^i^'uwl. < ciWPuWl, + Ml.), 

where \\ ■ \\i^2 stands for the i^(R^ ^)-norm. 

We obtain from Proposition 13 . 1 21 and (pS)) the estimate 

(111) \\miv,Ou\\h + \\B{v)VMh + ll(t'>*+'"lli^ < ll^^lli^ + ll^lli^, 

uniformly with respect to the parameter ^ g E"; where the notation || • ||^2 stands 
for the i^(M")-norm and 

1/2 



{v,0^( / (i?(« + S)0'/'e-2-^23/2d{}) 

V .Ib3 ' 



In the specific case of a linear Landau-type operator, one can simply estimate from 
below the term to(w,^). 

Lemma 3.14. There exists C > such that for all w G and ^ G , 

{B{v)0^/^ < Cm{v,0- 

Proof of Lemma \3.14\ According to ([?T|) , we may write that 

m(«,e)'= / (1 + WHv + «)eP + WK^ + v){v + i)A (\^Y^''e-^^'"2^/^dv. 
This implies that 



(112) m{v,if>l+j y^l{v + i){v + W) A ^|2/3g-27r5 ^~ 

+ I w\{v + ij)i\'"\-^^'""di. 

By using (|109p . one can then notice from p3)) that 
We therefore obtain that 

(113) m(i;,0'>l + (^^)^/'|CP^'+ / Wl^iy + i){v + v)h ep/^e-^-^'di). 
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On the other hand, we also deduce from (j43| and (|109|) that 



> 



where J5(0, 1) stands for the closed unit ball in M.^ . By noticing that we have 

+ {)) A ei > li' A el - |S A ei > li' A - \m\ >\vA^\-\£.\>\\vh ei, 
when \v\ < 1 and 2|^| < |w A it follows that 



\^/fi{v + i,){v + w) A ep/3e-2-5 dv > {vy/^\v A ^p/^, 
when 2|C| < \v /\^\. Since 

(„)7/3|^|2/3 > ^^^7/3|„^^|2/3^ 

when 2|^| > |-y A C|, it follows from (O, (gH]), ^ and that 

(114) m(v,0^ > 1 + + A ep/' > 1 + I VA(^CI'/' 

+ \^^)v A > (1 + I v/aR^P + Iv/^^; A ^n'/' = {B{v)0'/\ 
This proves Lemma [3. 141 □ 

By coming back to the direct side in the x variable, we deduce from Lemma 13.141 
and pTTj) that there exists C > such that for all u e 5(R^ „), 

(115) \mv)D,y/Mh + \\Biv)V.u\\h + ll(«>^+'"lli. < Ci\\Pu\\h + \\u\\h), 

where || • || stands for the L'^ {M.^ ^)-norm. According to dH]), (gH) and (fTT4| . this 
implies in particular that 



2 

L2 



(116) ii(t;)^/6|^^|i/3^||2^ ^ Wivy/'iv A i?.r/^^||i2 + \\{vy^'V,u\\ 

+ mi+'u\\l.<\\Pu\\h + \\u\\l.. 

We shall now improve these estimates and prove Proposition 13.131 by using an 
argument of commutation. 

Lemma 3.15. For any s e M, we have 

\\{B{v)o-nD..\iv)D^, {Bivmuwh < \\{vy^vu\\h + 

uniformly with respect to the parameter £^ in M"^; where || • ||l2 stands for the 



Proof of Lemma \3.15\ We may write that 

(117) {B{v)0-'[D,.X{v)D,, {B{vW] = {B{v)0-' (^D,.\{^)[D,, {B{v)0'] 

+ [D,,{B{vW].\{y)Dv) 
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Symbolic calculus shows that 

(118) [D,,{B{vW]^^V,{{B{v)0'). 
It follows from Lemma 13.21 and (|^^ that 

(119) \mv)o-nD,, {Biv)(n\{v)D,u\\i. 

= \mv)o-'v4{B{v)0').\{v)D,u\\l. < wivyv.^uwl^, 

since 

\{B{v)0-'V,{{Biv)0')\<l, 
uniformly with respect to the parameter <^ in M''. Notice from Lemma and ([32]) 
that 

(120) X{v)S/4{B{vW) e S{{vr{B{vW,dv^ + dv^). 

Keeping in mind (jllSp . another use of symbolic calculus shows that we may write 

(121) {B{v)0-'D^,.Xiv)[D,, {Biv)0'] = -^{B{v)0-' X{v)w4{B{vW) .D, 

where 6 is a smooth function depending only on the variable v and the parameter 
^ G K^, and verifying 

(122) \b{v,0\<{vr, 

uniformly with respect to the parameter ^ in R'^. It follows from (|120p . ()121l) and 
(fT22l) that 

(123) \\{B{v)0''D,.X{v)[D,,{B{v)01u\\l. 

< \mv)o--'x{v)v,{{B{vw).D^u\\i.+mv,on\\h < Uvr'^vuwh+wivruwi..^ 

since 

\{B{v)0-'X{v)V4{B{vW)\<{v}\ 

uniformly with respect to the parameter ^ in M^. One can then deduce from (|117p . 
(fTT9|) and (fT23| the estimate of Lemma IXTSl □ 

Lemma 3.16. For any s G M, we have 

uniformly with respect to the parameter ^ in M.^ ; where || • Hl^ stands for the L^(M^) 
norm. 

Proof of Lemma \3.16l We may write that 

(124) {B{v)0-'[Q.fi{v)Q, {BivW] = {B{v)0-' {Q.^iiv)[Q, (S(«)01 

+ [QABiv)0'Mv)Q). 

Since 

(V2Dy^ - vsDy^ \ 
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symbolic calculus and Lemma 13.21 show that 

(126) [Q,{B{v)0']^a{v,0, 

where a is a smooth function depending only on the variable v and the parameter 
f in R'^, and verifying 

(127) ae S{{v){B{v)0',dv^ + d7f), 

uniformly with respect to the parameter ^ in R'^. It follows from (j42|) . ()126p and 
P?7|) that 

(128) \\{B{v)0-nQ. {Bivm-Kv)Q^\\h < \\{vy^'Qu\\h, 
since 

mv)o~'fi{v)aiv,o\<{vy+\ 

uniformly with respect to the parameter ^ in R"^. Setting 

(129) b{v,0^^^{v)[QAB{vW], 

it follows from gS]), (fT26l) and (fT27| that 

(130) be S{{v)'>+\B{v)0',dv^ + dr]''), 

uniformly with respect to the parameter ^ in R^^. According to (I125p . (|129p and 
(|130p . symbolic calculus shows that 

[Q,fi{v)[Q,{B{v)01]^c{v,0, 

where c is a smooth function depending only on the variable v and the parameter 
^ in R'^, and verifying 

(131) ce S{{vy+^{B{v)0%dv^ + dr]'^), 
uniformly with respect to the parameter ^ in R^. This implies that 

(132) \\{B{v)0-'[Q,^i{v)[QABivm]u\\l, = II (i?WO"'c(z;, 
since 

uniformly with respect to the parameter ^ in R'^. It therefore follows from p29p . 
(fTSO]) and (fT32ll that 



(133) \\{B{v)0-'Q.^,{v)[Q, {B{v)0M\l2 < \\{B{v)0-'b{v,O.Qu\\l, 
+ \\{B{v)0-'[Q,fi{v)[Q,{B{vW]]u\\l,<\\{vr+'Q^^^^ 



since 

mv)o-'Hv,o\<{vr+\ 

uniformly with respect to the parameter ^ in R"^ . One can then deduce from (|124l) , 
and the result of Lemma [XTCl □ 

Lemma 3.17. Let P be the linear Landau-type operator defined in piOp . Then 

\\{v)-<+Ml^ + ll(«)^+'v.^.||i. + ||(^)^+'Q"lli. < llP^lli. + Iklli., 

where \\ ■ \\i,2 stands for the L'^{M.^ ^)-norm. 
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Proof of Lemma \3.17\ We may write that 

(134) Re{Pu, (vy+^u) = {Dy.X{v)D^u, (vy+^u) + {Q.fj.{v)Qu, (vy+^u) 

+ \\^/F{^{v}i+'u\\l,. 

Recalling that 

let us notice the key commutation 

[Q, [vV^^] = 0, 

coming from the direct computations 
when j = 1, 2, 3. It follows from that 

(135) (Q./i(w)Qu, («)T+2u) = {^l{v)Qu, {vY'+^Qu) > \\ {vy+^Qu\\l2 
and 

(136) iXiv)D,u, {vr+'D.^u) > Wivy+'VyuWl.. 
By writing that 

(137) iD,.Xiv)D,u, (vy+^u) = iXiv)D,u, [D,, {v)''+^]u) 

+ {X{v)D^u, {vy+^D^u) 

and noticing from (|43p that 

we deduce from the Cauchy-Schwarz inequality, (gS]), (fTM)) . (fl^ . and (fT77)) 

that 

< \\Pu\\l, + I {X{v)DyU, [Dy, {v)-'+^]u) I 

< \\Pu\\l, + \\{v)->^'Xiv)D,u\\L4{vy^^[Dv, {vy+MlL^ 

< ii^^^iii^ + ^ii(«r/'v„^.|ii. +5ii(«)^/2[i?.,(«)^+>iii., 

for any constant < 6 < I. Symbolic calculus shows that 

[D,,{vy+^]=a{v), 
where a is a smooth function depending only on the variable v and verifying 

\a{v)\<{vr+\ 

This implies that 

since 7 G [—3, 1]. By choosing the positive constant < (5 ^ 1 sufficiently small 
and using ()116p to estimate from above the term 
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we obtain the estimate 

(138) \\{vV^Mh + \\{vV+'^.u\\l. + \\{vr+'Qu\\l. < \\Pu\\l. + \\u\ 
which proves Lemma [3 .171 □ 



End the proof of Proposition \3.13l Working on the Fourier side in the x variable, 
we deduce from Proposition 13.11 and Lemma [3. 141 that 



\mv)o'^Mh < \mv)o-'/'puh4{B{vW^'uu. + \\u\ 



2 

L2, 



2 

L2 



11^ + 11^11^2, 



uniformly with respect to the parameter ^ e M"; where || • \\i^2 stands for the 
-L K,, -norm. By substituting {B{v)£,y^^ u to u in this estimate, we obtain that 

(139) \mv)o'^\\\i. < \mv)o-'^'p{B{v)o'^'u\\i. + \mv)o'/'u\ 

(140) < llP^^lli. + \mv)0-'/'[P, {B{v)0'/']u\ 
uniformly with respect to the parameter ^ E M"; since from (jllip and Lemma [3. 14) 

\mvW^'u\\i.<\\pu\\i. + \\u\\%. 

We notice from Lemma [3.151 and Lemma [3. 161 that 

|!(i?(t.)O-^/^[P,(i3(T')O'/']"lli^<ll(s(t0O-'/'[^.-A(t')i?.,(i3(^;)O'/']^^lli^+ 
\\{B{v)0-'/'[Q.^^iv)Q,{B{v)0'/']u\\h 

< uvr+'Quwi, + \\{vy+Mh + \\{vrv.,u\\i., 

uniformly with respect to the parameter ^ G M". According to Lemma [3.171 by 
coming back to the direct side in the x variable and integrating with respect to this 
variable, this implies that 

(141) \\{B{v)R^)-'/'[P,{Biv)D,y/']u\\l. < \\Pu\\l. + \\u\\l., 

where || • || stands for the _L-^(R^ j,)-norm. We finally conclude from (|43| . pi4p . 
and piTIl that there exists C > such that for ah u S 5(]R^» ), 

\\{Biv)D,r/Mh<Ci\\Pu\\l. + \\u\\%) 

and 

\\{vr/w^Mh + wivr^'iv A D^\'/Mh < c{\\Pu\\i. + Ml,), 

where || • 11^2 stands for the i^(R^ j,)-norm. This ends the proof of Proposition l3.13l 

□ 



Velocity estimates. In this subsection, we begin by proving the following estimate: 

Lemma 3.18. Let P be the linear Landau-type operator defined in (IllOl) . Then, 
there exists C > such that for all u £ S{M.^ 

\ReiB{v)D,u,B{v)D^u)\ < C{\\Pu\\l2 + \\u\\l2 + \\{B{v)D,fu\\L2\\{B{v)D^f^\\\L2), 
where || • || stands for the L^(M|^_„) -norm and {B{v)Dy)'^ stands for the operator 

\ + D.,.B{vfB{v)D^. 
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Proof. Proposition [SUS] shows that there exists a positive constant C > such that 
for aU u e 5(R6 

\Re{B{v)D^u,B{v)D,u)\ 

= |Re ( (B{v)D,y/'' B{v)D,u, {B{v)D.,)-^'^ B{v)D,u) \ 



(142) 



< II {B{v)D,)'/' B{v)D,u\\l, + II {B{v)D,f' u\\l, 

< {{B{v)D^f'^ B{v)D.,u, B{v)D^u) + C||Pu||i2 + C||w| 



2 

L2j 



where || - || stands for the ^^(M^ „) -norm. In order to prove Lemma I3.18( it only 
remains to estimate from above the term 

{{B{v)D.,f''' B{v)D„u, B{v)D,u). 

We work from now in i^(]R^) by considering the Fourier dual variable ^ of the space 
variable parameter. We first write 

{{B{v)0^/^B{v)D,u, B{v)D,u) 

= Re ([(B(w)O^^^ , B{v)D^]u, B{v)D„u) + Re {B{v)D^ {B{v)^f^^ u, B{v)D^u) 
= 1 + 11 

Let us first deal with the term IL We write 

II = Re {B{v)Dy {B{v)^f^^ u, B{v)D^u) = Re ( (B(u)O^^^ w, D^.B{vf B{v)D^u) 

< Re ( {B{v)0^^^ u, (1 + D^.B'^{v)B{v)Dy)u) 

^Re{{B{v)Cf/^u,{B{v)D,fu) 

< \\{B{v)0'^'uU4{B{v)D,fuh2. 
Let us now deal with the term I. For all j e {1, 2, 3}, we have 

3 ^ w 

{B{v)D,)j = BjM^)D,, = S,, fc(«)ryfc) + ir,(«) 

k=l k=l 

where r is the vectorial multiplication operator with real-valued entries 

1 3 

(143) r,{v) = -Y,idkB,,k){v). 

k=l 

With these notations, we can write 

I = Rc {[{B{v)0^/^ , {B{v)r]r + ir{v)]u, {B{v)t])'^u + ir{v)u). 

Now since r{v) and {B{v)()'^/'^ are multiplication operators, they commute. Recall 
the well known identity Re ([D, E]u, Fu) = iRe ([F, [D, E]]u, u) valid when u E S 
for the formally selfadjoint operators E, F and D. We apply it with E = F — 
{B{v)r])'" and D = {B{v)if^ . It follows that 

I = 2 51 ' [(S(«)0'/' , {B{v)v)'t]u, u) 

(144) 

- Re {ir{v).[{B{v)iY'-' , (B(w)r/)"'] 

=^(c5"u,M)-f (c^U,m). 
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We shall then study each commutator appearing in the previous formula. By using 
that the Weyl symbol of the commutator [{B{v)^)^^^ , {B{v)ri)^] is exactly given 
by iB{v)Vy{{B{v)0^^^), another use of symbolic calculus shows that 

This is a multiplication operator. Lemma [3721 together with (|48l) show that 
(145) |ci| < \B{v)\' {B{v)0'^' + \B{v)\\B'{v)\ {B{v)0'^' < {vy+^ {B{v)0'^' , 
uniformly with respect to the parameter ^ g E'^. As a consequence, it follows that 

\(cru,u)\ < mv)o'^'u, {vy+'u)L2 < II {B{v)o^^'uU4 {vy+'uU2. 

Notice now that 

C2{v)^r{v).B{v)'^vmv)0'^'), 
since r and B have real-valued entries. This is again a multiplication operator 
whose symbol may be bounded from above as 

|C2| < \B{v)\\B'iv)\ {Biv)0'^' < {vy+^ {Biv)0'^' , 

uniformly with respect to the parameter ^ g R'^ ; according to Lemma 13.21 and 
(jl43p . Proceeding as for ci , we obtain the second estimate 

\{c^u,u)\<\\{B{v)0^/'u\\l4 {vy+'uh2, 

which implies that 

\l\<\\{B{v)0'^'u\\L4{vy+\h^-. 
According to the estimates of the two terms I and II, we obtain after integration in 
the ^ side the new estimate in £^(M^ 

{{B{v)D.,f/^ B{v)D,u, B{v)D,u) 

< II {B{v)D,y/'u\\L2\\ {vy+'uh^ + II {Biv)D,y/' uU4 {B{v)D,yu\\L2. 
Proposition 13.131 and Lemma 13.171 give 
B{v)a,u, B{v)D,u) 

< II {B{v)D,f'u\\l. + II {vy+'u\\l. + II {B{v)D,y/^ u\\l4 {Biv)D,y u\\l2 

< WPuWh + \\u\\l, + II {B{v)D,y/^ u\\l2\\ {B{v)D,yu\\L2, 

which together with ()142p finally complete the proof of this lemma. □ 

We now prove a result fully independent of the x variable. The following proof 
relies on the use of the Fefferman-Phong inequality. 

Lemma 3.19. Let B{v) he the matrix defined in (|50p and denote again 

{B{v)D,y = 1 + D,.B{vfB{v)D,. 
Then, there exists C > such that for all u e 

\\D,.{vy D,u\\h < C\\{B{v)D,yu\\l,+C\\ {vy+' D,u\\l. + c\\ {vy+' u\\l., 
where \\ ■ ||^2 stands for the i^(R^)-?iorm. 
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Proof. Recalling from ((47|) that A{v) ~ B{v)'^ B{v), we may rewrite the terms 
and 

\\{B{v)D,)^u\\l2 = {{l + D,.A{v)D,fu,u) . 
We introduce the following metric 

r = + ■ 



It is easy to check that this metric F is admissible (slowly varying, satisfying the 
uncertainty principle and temperate) with gain 

^fC"'*?) (")('7)- 

Let a(w, 77), respectively a(u, ry); be the Weyl symbol of the operator {D^. {vY D^)^, 
respectively the Weyl symbol of the operator Dy. {vy Dy. Notice that 

a e S{{t])* {vf^ , r) and & e S{{rf {v)^ , F). 
Symbolic calculus shows 

fli =^ a — — -^{a, a} = a — G 'S'((?7)^ {v)'^'^ ^ , F). 
2i 

It follows that 

Let b{v,ri), respectively b{v,ri); be the Weyl symbol of the operator 

{l + Dy.A{v)Dyy, 

respectively the Weyl symbol of the operator 1 + Dy.A{v)Dy. Notice from (j45| that 

b e S{{r])* {vf''+^ , F) and b G S{{T]f , F). 

Symbolic calculus shows 

61 b-b'- b}^b-b'e Siivf {vf'^' , F). 

Zi 

A direct computation using symbolic calculus, and (HH)) shows that there exists 
a positive constant C > such that 

3 . . ^ 



b{v,ri) = 1 + XI + 2''J^'^-^J>(^) ~ iflkdjAj^k{v) + -9^- feAj-,fc(w) 

3 ^ 

= 1 + X [^...Wry.ry. + -dl,A,^u{v)\ > civyir^l' ~ C{v)\ 

since by symmetry Aj^k = A^j, for any 1 < j, k < 3. It follows that one can find a 
new positive constant C > such that 

b{v,Tj) - bi{v,^) = b{v,^y > \r,f {vf^ - C{vy\ 

The Feffermann-Phong inequality therefore yields 

(146) {a'"u, u) < {b'"u, u) + ((ai - bi^u, u) + (r'^u, u) 
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with r and ai — 61 G S{{ri)^ (w)^''^^ , F). We iterate this method in order to treat 
the symbols ai — 61 and r. Define 

where a{D^. {vf''^^'^ Dy) stands for the Weyl symbol of the operator Z3„. {v)'^''^'^ D^. 
A new straightforward computation shows that 

c{v,ri) = {r]f + ci{v), 

with |ci(t;)| < {vf. Notice that 

c(w, 77) e 5((77)' (1-)'^+' , f ) and c{v, 77) > (77)' (7;)"''+' - C. 

By using the FefFerman-Phong inequality, we obtain that 

(147) ((ai - 61 +r)'^'7i,u) < (c'"u,7i) + (s'^Ti,?/) + 

with s G S{{v)'^^' , r). We make a last iteration of the previous analysis and define 

d{v) ^ {vf . 

By using again the Fefferman-Phong inequality, we obtain that there exists a new 
positive constant C > such that 



(148) {s'"u,u)<{d'"u,u) + C\\u\\ 



L27 



since 7 G [—3,1]. Putting all together estimates (|146[) . (|147p and (I148[) provides 
the estimate 

< {b'^u, u) + {c'"u, u) + (d'^u, u) + \\u\\l2 

< ((1 + D.,.A{v)D., fu, u) + II (7;)^+^ i^.T^lli. + II {vy+' u\\l. + II {vy u\\h + Ml. 

< ( {Biv)D,f u, u) + II (7.)^+^ DM\h + II {vr^' ^\\h, 

which proves this lemma. □ 



Proposition 3.20. Let P be the linear Landau-type operator defined in (jllOp . 
Then, there exists C > such that for all u G 5(M^ ,„), 

\\{vy\D,\Mh + \\{^V\v A D.\Ml^ < C{\\Pu\\l. + ||7.||i.), 
where \\ ■ \\]^2 stands for the L^(IR^ .^)-norm. 



Proof. As a first step, we shall prove the following estimate 
(149) II {Biv)D,f u\\l. < CiWPuWl. + \\u\\l.), 

with {B{v)Dyy = 1 + D^.B{vY B{v)D^. Recalling that 

P = iv.D,^ + D^.B{vfB{v)Dy + F{v), 
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we may write for any u G 5(M|^ „), 

( {B{v)D,f u,u)^{ {B{v)D,f u,u) + { {B{v)D,f D,.B{vf B{v)D,u, u) 

< Re (Pu, u) + \\u\\l2 + Re {{B{v)D^f (P - F{v) - iv.D^)u, u) 

< Re (Pu, u) + \\u\\l. + i|| {B{v)D,)' u\\l, 

+ 2||Pm||^2 + 2\\F{v)u\\l2 - Re {{B{v)D^f u, iv.D^u). 
By using Lemma 13.171 and (|^^ , we obtain that 

(150) {{B{v)D,fu,u) < C{\\Pu\\l2 + \\u\\l2 + \Rc {{B{v)D,fu,iv.D,u)\). 

Noticing that the operator iv.Dx is formaUy skew-adjoint on L^, a direct compu- 
tation gives that 

Re{{B{v)D^f u,iv.Dxu) 

= ]^Re{[{B{v)D,)\iv.Dx]u,u) 

= ^Re {[D,.B{v f B{v)D,,iv.Dx]u, u) 

= ^Re {{[D,,iv.Dx].B{vf B{v)D, + D,.B[vf B{v)[D,,iv.D,])u,u) 

= ^Re {{Dx.B{vY B{v)D, + D,.B[v)'^ B{v)D,)u,u) 

= Re{B{v)DyU,B{v)Dxu). 

It then follows from (|150p and Lemma r3.18l that there exists a new positive constant 
C > such that for aU u e 5(R^^), 

i{Biv)D,)\,u) 

< \\Pu\\l2 + \\u\\l2 + \Rc {{B{v)D^f u,iv.Dxu)\ 

< C{\\Pu\\l2 + \\u\\l2 + II {B{v)Dxf' u\\l2) + i|| {B{v)D,f u\\l2 

By using Proposition 13.131 to estimate from above the third term, we obtain that 
one can find a new positive constant C > such that for all u E 5(M^ 

II {B{v)D,f u\\l2 < C(||Pw||i. + \\u\\l2) + i|| {B{v)D,fuh2. 

This proves (|149l) . We now deal with the core of the proof of Proposition [3201 We 
first write that 

II {vy \D,Ml2 < 2\\D,. {vyD,,u\\l2 + 2\\[{vy ,D,].D,u\\l2 

< 2\\D.,. {vy D.M\h + C\\ {vy-' D,u\\l2 

< II {B{v)D^f u\\l2 + II {vy+' D,u\\l2 + II {vy+' u\\l2 + \\u\\l2 

where we used {vy ' < {vy^^ and Lemma 13.191 in a crucial way. Using then 
inequality (|149p and Lemma [3. 171 we get the following result 

(151) \\{vymMh<\\pu\\h + Mh- 
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We now deal with the term with a cross product. RecaUing (|42|). ((43|) and (|125p . 
we may write 

II {vy \v A D,\''u\\l2 < Mv)\v A D,\''u\\l2 
(152) < 2|| {v A D^).^{v)iv A D^)u\\l2 + 2\\ [fi{v),v A D.^Uv A Dy)u\\l2 

< 2\\{v A D„).fi{v)(v A D^)u\\l2 + C\\ {vy+'^ D^uWl^ 

where we used that v A Dv].(v A D^) — R{v)Dv] with R{v) an exphcit matrix 

whose entries are all bounded by a positive constant times the function {v)^^ . 
Recall that 

{B{v)D^f = 1 + D^.B{vf B{v)D^ = 1 + Dy.X{v)Dy + {v A D^).fi{v){v A D^). 
As a consequence, we deduce from (|152l) that 



_L II /„\')' + l 



{vy \v A D,\'u\\i2 < II {B{v)D,y u\\i2 + \\Dy.X{v)D,u 



D„u 



t,U||^2. 



Another direct argument of commutation using (|^^ gives the estimate 

\\D.,.x{v)D^u\\i2 < II {vy m'uwh + II ^.^^iii^, 

which implies that 

II {vy \v A D^lMh < II {B{v)D.,f u\\l2 + II {vy \D,\Mh + Mh 



because {vy < {vy ■ One can then deduce from Lemma [3TT71 (|149p and (|15ip 
that 

(153) ll(t'rbAi5.„pz.||i.<||P^.||i. + ||^||i.. 

Proposition 13 . 201 then directly follows from (|151[) and (|153|1 . □ 



Proof of Theorem ] Theorem 1 1.1 1 is now a direct consequence of Proposition 13 . 1 3l 
Proposition 13.201 and Lemma 13.171 This ends the proof of Theorem 11.11 □ 



The proof of Theorem 11.11 can easily be adapted to obtain the following time de- 
pendent hypoelliptic estimate. 



Proposition 3.21. Let P he the linear Landau-type operator defined in piOp . 
Then, there exists a positive constant C > such that for all u G S{^\ ^ „), 



{vy+Mh + II («r I^.P^IIi^ + II {vy \v a d^^'uW 



2 

L2 



+ II {vy'' m^'Mh + II {vy'' \v a d,\''/^u\\12 < c{\\dtu + Puw^ + i^iii.), 

where \\ ■ ||^2 stands for the L^(Kf ^ ^)-norm. 
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Proof of Proposition \3.21\ It is sufficient to notice that through all the proof of 
Theorem 11.11 one can substitute without any change the operator P = ir + P to 
the linear Landau-type operator P. Indeed, the real parameter r disappears in all 
the commutators involved in this analysis. Same remark when we take the real part 
of the scalar product 

Re(iru + Pu, u) — Re(Pu, u) 

and (see (|7T|) ). 

Re{iTu -t- Pu, (1 - eG)u) = Re(Pu, (1 - £G)u) , 

since the multiplier G = g^, whose Weyl symbol is real- valued is a formally selfad- 
joint operator on L^. Proposition 13 . 2 1 1 then follows from the same proof as the one 
given for Theorem ll . 1 1 after substituting the operator P to P; and then coming back 
to the direct side in the t variable; and integrating those estimates with respect to 
this variable. □ 



4. Appendix on Wick calculus 

The purpose of this section is to recall the definition and basic properties of the 
Wick quantization. We follow here the presentation of the Wick quantization given 
by N. Lerner in [T7] (see also HH]); and refer the reader to his work for the proofs 
of the results recalled below. 

The main property of the Wick quantization is its property of positivity, i.e., 
that non-negative Hamiltonians define non-negative operators 

a > ^ a^"='' > 0. 

We recall that this is not the case for the Weyl quantization and refer to [T7] for 
an example of non-negative Hamiltonian defining an operator which is not non- 
negative. 

Before defining properly the Wick quantization, we first need to recall the defi- 
nition of the wave packets transform of a function u e 5(M"), 

Wuiy, r,) = [u, ^y,^)L^(^.) = 2"/4 / u{x)e-<^-y^\-^"^--y^-^dx, {y, r,) e R2„_ 

where 

and x"^ = xf + ... + xf^. With this definition, one can check (See Lemma 2.1 in |17j ) 
that the mapping u H' Wu is continuous from 5(]R") to 5(R^"), isometric from 
L^(R") to L^(IR^") and that we have the reconstruction formula 

(154) Vu e 5(E"),Va; e M", 'u(x) = / Wu{y,r])ipy_,^{x)dyd'n. 

By denoting Sy the operator defined in the Weyl quantization by the symbol 

which is a rank-one orthogonal projection, 

(Syu)(a;) = Wu{Y)ifY{x) = {u,(Py)l^r^)Vy{x), 
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we define the Wick quantization of any L°°(M^") symbol a as 
(155) a^'"^^ [ a(y)Eydr. 



More generally, one can extend this definition when the symbol a belongs to 5'(R^") 
by defining the operator a^"^'* for any u and v in by 

< a^^^'^M, w >5'(R"),5(R")=< a(^), (Syu,w)i2(R„) >5'(R2r.) ,s(r2„), 

where < •,• >s'{R"),s{R") denotes the duality bracket between the spaces iS'(]R") 
and iS(M" ). The Wick quantization is a positive quantization 

(156) a > ^ a^'""^ > 0. 

In particular, real Hamiltonians get quantized in this quantization by formally self- 
adjoint operators and one has (See Proposition 3.2 in [17J) that _L°°(M^") symbols 
define bounded operators on L^(R") such that 

(157) ||«'^'^'^||£(L^(E")) < ||a||L==(K-). 

According to Proposition 3.3 in [17], the Wick and Weyl quantizations of a symbol 
a are linked by the following identities 

/-I ro\ Wick -w 

(158) a = a , 
with 

(159) a{X)^ [ a(X + r)e-2'^l^l'2"dy, X e K^"; 
and 

(160) aW''='^ = a"'+r(a)"', 
where r(a) stands for the symbol 

/ / (l-6l)a"(X + 6iy)r2e-2'^l^l'2"dyd6', XeR^"; 

Jo JR2" 

if we use here the normalization chosen in |17) for the Weyl quantization 

(162) {a-u){x)^[ e'^<^-y'>-^a(^y,Au{y)dyd^, 

which differs from the one chosen in the rest of this paper. We also recall the 
following composition formula obtained in the proof of Proposition 3.4 in |17j . 

r 1 1-1 Wick 

(163) ^Wick^Wick^ ab-—a'.b' + —{a,b} +5, 



(161) r{a){X) = 



47r 4i7r 



with ||5'||£(i2(K,i)) < (in||a||L°°72(6), when a £ L°°(M. ) and 5 is a smooth symbol 
satisfying 

72(6)= sup \b'-^\X)T^\ < +00. 



XGE2n 
Teffi2Ti,|r| = l 



The term (i„ appearing in the previous estimate stands for a positive constant 
depending only on the dimension n, and the notation {a, 6} denotes the Poisson 
bracket 

da db da db 
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